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$u_{t}+\partial_{x}A(x, t, u)+B(x, t, u)=\partial_{x}^{2}\beta(u) (x, t)\in\Pi_{T}=I\cross(0, T)$ ,
$\partial_{x}\beta(u)-A(x, t, u)=0, (x, t)\in\{a, b\}\cross(O, T)$ ,
$u(x, O)=u_{0}(x) , x\in I, u_{0}\in BV(I)$ .





(1.1) $u_{t}+\nabla\cdot A(x, t, u)+B(x, t, u)=\Delta\beta(u)$ .








$A(x, t, \xi)$ $x$
(P) $A(\cdot, t, \xi)\in BV(I)$ (P)
(P)
1810 2012 153-168 153
$A(x, t, \xi)$ (P) Kruzkov’s
doubling variable method $BV$ compact
:
$||u$ $(\cdot, t)||_{L\infty}\leq C.$
$|u$ $(\cdot, t)|_{BV}\leq C.$
$||u$ $(\cdot, t)-u_{\epsilon}(\cdot, s)||_{L^{1}}\leq C|t-s|.$
$u_{\epsilon}$ (P) $|u_{\epsilon}|_{BV}$ $u_{\epsilon}$ Carrillo
[4] Dirichlet






1 Tartar [13] compensated
compactness method
:
$||u$ $(\cdot, t)||_{L}\infty\leq C.$
$||\sqrt{\beta_{\epsilon}’(u_{\epsilon})}\partial_{x}u_{\epsilon}||_{L^{2}}\leq C.$
Karlsen-RisebrxTowers [9] flux :
(1.2) $\partial_{t}u+\partial_{x}(\gamma(x)f(u))=\partial_{x}^{2}\beta(u) , (x, t)\in(O, 1)\cross(0, T)$









[12] Panov [12] $H$-measure
$L_{loc}^{1}$- Panov
compensated compactness method Karlsen-Risebro-Towers [9]
2
(P) :
2.1. $u_{0}\in BV(I)$ $u\in L^{\infty}(\Pi_{T})$ $(P)$
:
(1) $\beta(u)\in L^{2}(0, T;H^{1}(I))$ ;
(2) $\varphi\in C_{0}^{\infty}(\mathbb{R}\cross[0, T))$
$\int_{\Pi_{T}}(u\varphi_{t}+A(x, t, u)\partial_{x}\varphi-B(x, t, u)\varphi-\partial_{x}\beta(u)\partial_{x}\varphi)dxdt+lu_{0}(x)\varphi(x, 0)dx=0.$








$A(\cdot, t, \xi),$ $B(\cdot, t, \xi)\in BV(\overline{I})$ for $(t, \xi)\in[0, T]\cross \mathbb{R},$
$A(x, \cdot, \xi),$ $B(x, \cdot, \xi)\in C^{1}([0, T])$ for $(x, \xi)\in\overline{I}\cross \mathbb{R},$
$A(x, t, \cdot),$ $B(x, t, \cdot)\in Lip(\mathbb{R})$ for $(x, t)\in\overline{I}\cross[0, T].$
155
$\{A2\}\{\begin{array}{l}\partial_{x}A(x, t, c)+B(x, t, c)\leq 0, \partial_{x}A(x, t, d)+B(x, t, d)\geq 0, for (x, t)\in\Pi_{T},A(a, t, d), A(b, t, c)\geq 0, A(b, t, d), A(a, t, c)\leq 0, for t\in(O, T) .\end{array}$
{A3} $\partial_{t}A(x, t,p)+\int^{x}\partial_{t}B(x, t,p)\leq 0,$ $\partial_{t}A(x, t, q)+\int^{x}\partial_{t}B(x, t, q)\geq 0$ , for $(x, t)\in\Pi_{T}.$
{A4} $\{\begin{array}{l}-\partial_{x}[(\partial_{t}A)(x, t, \xi)]-(\partial_{t}B)(x, t,\xi)\leq\alphafor a.e. (x, t, \xi)\in\overline{I}\cross[0, T]\cross \mathbb{R}.-\partial_{\xi}B(x, t, \xi)\leq\alpha’\end{array}$
$p$ $q$ (3.11) $\{A1\}$
$\{A2\}$ $\{A3\}$ (P) total ffiux
$L^{\infty}$ $A(x, t, \xi)$ $\{A2\}$
$\{A3\}$ (1.3) $\{A4\}$
Lipshitz $A(x, t, \xi)$
$\xi$ :
{A5} $h(x, t, \xi)\in C^{1}((0, T)\cross \mathbb{R};L^{\infty}(I))$ :
$\lambda\in S^{1}$ $\lambda_{0}h(x, t, \xi)+\lambda_{1}A(x, t, \xi)$ $\xi$
$x\in I,$ $t\in[0, T]$
Panov
$x=a,$ $b\iota_{\llcorner}^{arrow}$ trace $A(x, t, \xi)$ :
{A6} $(t, \xi)\in(0, T)\cross(c, d)$ $A(x, t, \xi)$ $x=a,$ $b$
{A6} $A(\cdot, t, \xi)$ $[a, a+\nu_{1})$ $(b-\nu_{2}, b]$ $x$
$\nu_{1},$ $v_{2}$ $u$ strong trace $u^{\tau}(x,t)\in$
$L^{\infty}(\{a, b\}\cross(0, T))$ ( : Vasseur [14]).
(P) :
$(RP)\{\begin{array}{l}\partial_{t}u_{\epsilon}^{\delta}+\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})+B^{\delta}(x, t, u_{\epsilon}^{\delta})=\partial_{x}^{2}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}), (x,t)\in\Pi_{T},\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})-A^{\delta}(x, t, u_{\epsilon}^{\delta})=0, (x, t)\in\{a, b\}\cross(O, T) ,u_{\epsilon}^{\delta}(x, O)=u_{0}^{\delta}(x) , x\in I.\end{array}$
$A^{\delta}(x, t, \xi)$ $B^{\delta}(x, t, \xi)$ $A(x, t, \xi),$ $B(x, t, \xi)$
$A^{\delta}(x, t, \xi)=\frac{1}{\delta}\omega(x/\delta)*A(x, t, \xi) , B^{\delta}(x, t, \xi)=\frac{1}{\delta}\omega(x/\delta)*B(x, t, \xi)$ .
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$\omega:\mathbb{R}arrow \mathbb{R}$




$\epsilon\downarrow 0$ $u_{\epsilon}^{\delta}$ $L^{1}(\Pi_{T})$
:
2.3. $\{A1\}-\{A6\}$
(i) $\delta=c\epsilon$ $(P)$ $u$ $u$ $\{u_{\epsilon}^{\delta}\}_{\epsilon>0}$
$L^{1}$ -
(ii) $v$ $v_{0}$ $v_{\epsilon}$ 1
(2.1) $l|u(x, t)-v(x, t)|dx \leq e^{\alpha’t}\int_{I}|u_{0}(x)-v_{0}(x)|dx.$
$(P)$ $u$
(iii) $u_{0}$ $\{A7\}$ :
{ $A$ 7} $|-A(x, t, u_{0})- \int^{x}B(\zeta, t, u_{0})d\zeta+\partial_{x}\beta(u_{0})|_{BV(I)}<\infty.$
$u$ :
(1) $|-A(x, t, u)- \int^{x}B(\zeta, t, u)d\zeta+\partial_{x}\beta(u)|_{BV(I)}\leq C$ for $allt\in(O, T)$ ,
(2) $||u(\cdot, t+\tau)-u(\cdot, t)||_{L^{1}(I)}\leq C\tau$ for all $\tau\geq 0,$









3.1 ( $L^{\infty}$- ). $t>0$ $\epsilon$ $\delta$
$c_{1}$ :
$||u_{\epsilon}^{\delta}||_{L^{\infty}(I)}<c_{1}.$
$t>0$ $c\leqq u_{\epsilon}^{\delta}\leqq d$
$\gamma>0$ :
(3.1) $(RP)_{\gamma}\{\begin{array}{l}\partial_{t}v(x, t)+\partial_{x}A^{\delta}(x, t, v)+B^{\delta}(x, t, v)=\partial_{x}^{2}\beta_{\epsilon}^{\delta}(v)+\gamma h(v) , (x, t)\in\Pi_{T},\partial_{x}\beta_{\epsilon}^{\delta}(v(a, t))-A^{\delta}(a, t, v(a, t))=-\gammah(v) , t\in(O, T) ,\partial_{x}\beta_{\epsilon}^{\delta}(v(b, t))-A^{\delta}(b, t, v(b, t))=\gamma h(v) , t\in(O, T) ,v(x, O)=u_{0}^{\delta}, x\in I, c<u_{0}<d.\end{array}$
$h(v)=c+d-2v$ [10]
$x\in I$ $v(x, 0)\in(c, d)$ $(RP)_{\gamma}$ $C^{2,1}$
$v(x, t)>d$ for all $(x, t)\in K$
$\Pi_{T}$ $K$ $K$
7 :
$\overline{t}=\inf${ $t|v(\overline{x}, t)=d$ $\overline{x}$ }.
$c<u_{0}<d$ 7 $v(\cdot,\overline{t})$
-x $v(\overline{x},\overline{t})=d$
$\overline{x}$ $I$ $\overline{x}\in(a, b)$ :




$v(\overline{x}, \overline{t})+(\partial_{x}A^{\delta})(\overline{x}, \overline{t}, v(\overline{x},\overline{t}))+B^{\delta}(\overline{x},\overline{t}, v(\overline{x},\overline{t}))$
$=[(\beta_{\epsilon}^{\delta})"(v(\overline{x},\overline{t}))(\partial_{x}v(\overline{x}, \overline{t}))^{2}+(\beta_{\epsilon}^{\delta})’(v(\overline{x}, \overline{t}))\partial_{x}^{2}v(\overline{x},\overline{t})]+\gamma h(v(\overline{x},\overline{t}))\leq\gamma h(d)<0.$
(3.2) {A2} $K$
$v(x, t)\leq d$
$\overline{x}=a,$ $b$ $\overline{x}=a$ zero-flux
$(\beta_{\epsilon}^{\delta})’(d)\partial_{x}v(a,\overline{t})-A^{\delta}(a, t, d)=-\gamma h(d)>0$
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{A2} $\partial_{x}v(a, \overline{t})>0$ $\partial_{x}v(b, \overline{t})<0$
$K$
$v\leq d$ $\overline{x}=b$ $v\geq c$
$c\leq v(x, t)\leq d$
Evje-Karlsen-Risebro [6] Watanabe-Oharu [16]
$\gamma\downarrow 0$ $varrow u_{\epsilon}^{\delta}$
$\square$
$u_{\epsilon}^{\delta}$ $t$ Lipschitz Panov
Karlsen-Rascle-Tadmor [8] Aleksi\v{c}-Mitrovic
[1] 2 $L_{loc}^{1}$
3.2 ( Lipschitz ). $c>0$ $\delta=c\epsilon$
$t>0$ $\epsilon$ $\delta$ $C_{2}$ :
$\int_{I}|\partial_{t}u_{\epsilon}^{\delta}(\cdot, t)|dx\leq c_{2}.$
( $RP$ ) :
(3.3) $\partial_{t}u_{\epsilon}^{\delta}+\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})+B^{\delta}(x, t, u_{\epsilon}^{\delta})=\partial_{x}^{2}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})$
(3.3) $t$ $w_{\epsilon}^{\delta}=\partial_{t}u_{\epsilon}^{\delta}$
$\partial_{t}w_{\epsilon}^{\delta}+\partial_{x}[(\partial_{t}A^{\delta})(x, t, u_{\epsilon}^{\delta})+(\partial_{\xi}A^{\delta})(x, t, u_{\epsilon}^{\delta})w_{\epsilon}^{\delta}]$




(3.4) $-\partial_{x}[(\partial_{\xi}A^{\delta})(x, t, u_{\epsilon}^{\delta})|w_{\epsilon}^{\delta}|]-sgn(w_{\epsilon}^{\delta})\partial_{x}(\partial_{t}A^{\delta})(x, t, u_{\epsilon}^{\delta})$
$-sgn(w_{\epsilon}^{\delta})[(\partial_{t}B^{\delta})(x, t, u_{\epsilon}^{\delta})+(\partial_{\xi}B^{\delta})(x, t, u_{\epsilon}^{\delta})w_{\epsilon}^{\delta}].$
(3.4) (3.4) 2
:
(3.5) $\partial_{t}[\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})-A^{\delta}(x, t, u_{\epsilon}^{\delta})]=\partial_{x}(\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})w_{\epsilon}^{\delta})-(\partial_{t}A^{\delta})(x, t, u_{\epsilon}^{\delta})-(\partial_{\xi}A^{\delta})(x, t, u_{\epsilon}^{\delta})w_{\epsilon}^{\delta}.$
zero-flux (3.5) $0$ (3.4) 1
3 :
$[sgn(w_{\epsilon}^{\delta})\{\partial_{x}((\beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})w_{\epsilon}^{\delta})-(\partial_{\xi}A^{\delta})(x, t, u_{\epsilon}^{\delta})w_{\epsilon}^{\delta}\}]_{a}^{b}=[sgn(w_{\epsilon}^{\delta})(\partial_{t}A^{\delta})(x, t, u_{\epsilon}^{\delta})]_{a}^{b}<C.$
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$C$ $\epsilon$ $\delta$ $\{A6\}$
{A4} :
$\frac{\partial}{\partial t}l|w_{\epsilon}^{\delta}|dx\leq\alpha l$ sgn$(w_{\epsilon}^{\delta})dx+\alpha’l|w_{\epsilon}^{\delta}|dx+C\leq\alpha(b-a)+C+\alpha’l|w_{\epsilon}^{\delta}|dx$
$u_{0}\in BV(I)$ Gronwall




(3.3) (3.3) $u_{\epsilon}^{\delta}$ $x$ $I$
:





$-l[u_{\epsilon}^{\delta}\partial_{t}u_{\epsilon}^{\delta}+u_{\epsilon}^{\delta}\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})+u_{\epsilon}^{\delta}B^{\delta}(x, t, u_{\epsilon}^{\delta})]dx.$
(3.7) 3
(3.8) $-lu_{\epsilon}^{\delta}\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})dx=-[u_{\epsilon}^{\delta}A^{\delta}(x, t, u_{\epsilon}^{\delta})]_{a}^{b}+l\partial_{x}u_{\epsilon}^{\delta}A^{\delta}(x, t, u_{\epsilon}^{\delta})dx$
zero-flux (3.6) 1 (3.8) 1 $0$
(3.8) 2 :
$l \partial_{x}u_{\epsilon}^{\delta}A^{\delta}(x, t, u_{\epsilon}^{\delta})dx=l\partial_{x}(\int_{0}^{u_{\epsilon}^{\delta}}A^{\delta}(x, t, \xi)d\xi)dx-l(\int_{0}^{u_{\epsilon}^{\delta}}(\partial_{x}A^{\delta})(x, t, \xi)d\xi)dx.$
:
$l( \beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})(\partial_{x}u_{\epsilon}^{\delta})^{2}dx=-lu_{\epsilon}^{\delta}\partial_{x}u_{\epsilon}^{\delta}dx+[\int_{0}^{u_{\epsilon}^{\delta}}A^{\delta}(x, t, \xi)d\xi]_{a}^{b}$
$-l( \int_{0}^{u_{\epsilon}^{\delta}}(\partial_{x}A^{\delta})(x, t, \xi)d\xi)dx-lu_{\epsilon}^{\delta}B^{\delta}(x, t, u_{\epsilon}^{\delta})dx.$
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$\{A6\}$ :
$l( \beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})(\partial_{x}u_{\epsilon}^{\delta})^{2}dx\leq\sup_{t,\xi}|A^{\delta}(x, t, \xi)|_{BV(I)}+||u_{\epsilon}^{\delta}||_{L^{\infty}(I)}(||\partial_{t}u_{\epsilon}^{\delta}||_{L\infty(0,T;L^{1}(I))}$
$+2 \sup_{t,\xi}||A^{\delta}(x, t, \xi)||_{L(I)}\infty+\sup_{t,\xi}||B(x, t, \xi)\Vert_{L^{1}(I)})$ .
$\sup_{t,\xi}$ $(t, \xi)\in(0, T)\cross(c, d)$
Karlsen-Risebro-Towers compensated compactness method Panov
$H$-measure
$,$
[ $9$ , Lemma 3.2, Lemma 3.5]
3.4. $T$ $\epsilon$ $\delta$ $C$ :
$y\in \mathbb{R}$ $\tau\geq 0$
$||\beta(u_{\epsilon}^{\delta}(\cdot+y, \cdot+\tau))-\beta(u_{\epsilon}^{\delta}(\cdot, \cdot))||_{L^{2}(I\cross(0,T-\tau))}\leq C(|y|+\sqrt{\tau})$ .
$\{\beta(u_{\epsilon}^{\delta})\}_{\epsilon>0}$ $L_{loc}^{2}(\Pi_{T})$
3.5. $\{\beta(u_{\epsilon}^{\delta})\}_{\epsilon>0}$ $\beta(u)$ $L_{loc}^{2}(\Pi_{T})$ $u$
$\{u_{\epsilon}^{\delta}\}_{\epsilon>0}$ $L^{\infty}(\Pi_{T})$
$\beta(u)\in L^{\infty}(\Pi_{T})\cap L^{2}(0, T;H^{1}(I))$ .
( $RP$ ) total flux Karlsen-
RisebrxTowers [9]
3.6 (total flux ). $\{A7\}$ $(RP)$ total
flux
(3.9) $v_{\epsilon}^{\delta}(x, t)=-A^{\delta}(x, t, u_{\epsilon}^{\delta})- \int^{x}B^{\delta}(\zeta, t, u_{\epsilon}^{\delta})d\zeta+\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})$
$t\in(O, T)$ $\epsilon$ $\delta$
$C>0$
(i) $||v_{\epsilon}^{\delta}(\cdot, t)||_{L(I)}\infty\leq C.$
(ii) $|v_{\epsilon}^{\delta}(\cdot, t)|_{BV(I)}\leq C.$






(3.10) $\{\begin{array}{l}\partial_{t}v_{\epsilon}^{\delta}=\partial_{x}((\beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})\partial_{x}v_{\epsilon}^{\delta})-(\partial_{t}A^{\delta})(x, t, u_{\epsilon}^{\delta})-(\partial_{\xi}A^{\delta})(x,t, u_{\epsilon}^{\delta})\partial_{x}v_{\epsilon}^{\delta},-\partial_{t}\int^{x}B^{\delta}(\zeta, t, u_{\epsilon}^{\delta})d\zeta+\gamma h(v_{\epsilon}^{\delta}) , (x, t)\in\Pi_{T},v_{\epsilon}^{\delta}(a, t)=-[\int^{x}B^{\delta}(\zeta, t, u_{\epsilon}^{\delta})d\zeta]_{x=a}-\gamma h(v_{\epsilon}^{\delta}(a, t)) , t\in(O, T) ,v_{\epsilon}^{\delta}(b, t)=-[\int^{x}B^{\delta}(\zeta, t, u_{\epsilon}^{\delta})d\zeta]_{x=b}+\gamma h(v_{\epsilon}^{\delta}(b, t)) , t\in(0, T) ,v_{\epsilon}^{\check{\delta}}(x, 0)=\partial_{x}\beta_{\epsilon}^{\delta}(u_{0}^{\delta})-A^{\delta}(x, 0, u_{0}^{\delta})-\int^{x}B^{\delta}(\zeta, 0, u_{0}^{\delta})d\zeta x\in I.\end{array}$
$h(u_{\epsilon}^{\delta})=p+q-2v_{\epsilon}^{\delta}$ $p,$ $q$ $x\in I$
:
$\partial_{x}\beta_{\epsilon}(p)-A^{\delta}(x, 0,p)-\int^{x}B^{\delta}(\zeta, 0,p)d\zeta=ess\inf_{x}v_{\epsilon}^{\delta}(x, 0)\equiv\overline{p},$
(3.11)
$\partial_{x}\beta_{\epsilon}(q)-A^{\delta}(x, 0, q)-\int^{x}B^{\delta}(\zeta, 0, q)d\zeta=ess\sup_{x}v_{\epsilon}^{\delta}(x, 0)\equiv\overline{q}.$
$p,$ $q$ $0$ total flux

















4.1 (Panov). $\Omega_{T}\equiv\Omega\cross(0, T)\subset \mathbb{R}^{N+1}$ $\phi(x, t, u)\in$
$(C(\mathbb{R};BV(\Omega_{T})))^{N+1}$ $\{A5\}$ $u$
$H$ $k\in \mathbb{R}$ $(u_{k}(x, t))_{k}\in L^{\infty}(\Omega_{T})$ ,
$c\leq u_{k}(x, t)\leq d$ :
$\nabla_{x,t}\cdot[H(u_{k}(x, t)-k)(\phi(x, t, u_{k}(x, t))-\phi(x, t, k))]$ $H_{loc}^{-1}(\Omega_{T})$
$(u_{k}(x, t))_{k}\in L^{\infty}(\Omega_{T})$ $L_{loc}^{1}(\Omega_{T})$
4.1 (P) $\phi$
:
4.2. $\{A7\}$ $\epsilon=c\delta$ $(u_{\epsilon})_{\epsilon>0}\equiv(u_{\epsilon}^{\delta})_{\epsilon,\delta}$
$L_{loc}^{1}(\Pi_{T})$
$h(x, t, \xi)\in C^{1}((0, T)\cross \mathbb{R};L^{\infty}(I))$ (3.3)
:
(4.1) $h(x, t, u_{\epsilon}^{\delta})_{t}+\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})+B^{\delta}(x, t, u_{\epsilon}^{\delta})=h(x, t, u_{\epsilon}^{\delta})_{t}-\partial_{t}u_{\epsilon}^{\delta}+\partial_{x}^{2}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})$ .
(P) :
$\phi_{0}(x, t, \lambda)\equiv H(\lambda-k)(h(x, t, \lambda)-h(x, t, k))$ ,
$\phi_{1}(x, t, \lambda)\equiv H(\lambda-k)(A(x, t, \lambda)-A(x, t, k))$ ,
$\phi_{1}^{\delta}(x, t, \lambda)\equiv H(\lambda-k)(A^{\delta}(x, t, \lambda)-A^{\delta}(x, t, k))$ .
$H$ $k$ (4.1) $\eta’(u_{\epsilon}^{\delta})=$
$H(u_{\epsilon}^{\delta}-k)$ $\partial_{x}\phi_{1}(x, t, u_{\epsilon}^{\delta})$ :
$\partial_{t}\phi_{0}(x, t, u_{\epsilon}^{\delta})+\partial_{x}\phi_{1}(x, t, u_{\epsilon}^{\delta})$
$=-\eta’(u_{\epsilon}^{\delta})\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta})-\eta’(u_{\epsilon}^{\delta})B^{\delta}(x, t, u_{\epsilon}^{\delta})+\eta’(u_{\epsilon}^{\delta})\partial_{t}h(x, t, u_{\epsilon}^{\delta})$





$\partial_{t}\phi_{0}(x, t, u_{\epsilon}^{\delta})+\partial_{x}\phi_{1}(x, t, u_{\epsilon}^{\delta})$
$\leq\eta’(u_{\epsilon}^{\delta})(\partial_{t}h(x, t, u_{\epsilon}^{\delta})-\partial_{t}h(x, t, k)-\partial_{x}A^{\delta}(x, t, k)-B^{\delta}(x, t, u_{\epsilon}^{\delta})-\partial_{t}u_{\epsilon}^{\delta})$
$+\partial_{x}(\eta’(u_{\epsilon}^{\delta})(\beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})\partial_{x}u_{\epsilon}^{\delta})+\partial_{x}[\phi_{1}-\phi_{1}^{\delta}](x, t, u_{\epsilon}^{\delta})$ .
Schwartz $\mu_{k}^{\epsilon,\delta}(x,t)\in$
$\mathcal{M}(\Pi_{T})$ :
$\partial_{t}\phi_{0}(x, t, u_{\epsilon}^{\delta})+\partial_{x}\phi_{1}(x, t, u_{\epsilon}^{\delta})$
$=\eta’(u_{\epsilon}^{\delta})(\partial_{t}h(x, t, u_{\epsilon}^{\delta})-\partial_{t}h(x,t, k)-\partial_{x}A^{\delta}(x, t, k)-B^{\delta}(x, t, u_{\epsilon}^{\delta})-\partial_{t}u_{\epsilon}^{\delta})$
$+\partial_{x}(\eta’(u_{\epsilon}^{\delta})(\beta_{\epsilon}^{\delta})’(u_{\epsilon}^{\delta})\partial_{x}u_{\epsilon}^{\delta})+\partial_{x}[\phi_{1}-\phi_{1}^{\delta}](x, t, u_{\epsilon}^{\delta})+\mu_{k}^{\epsilon,\delta}(x, t)$.
$u_{\epsilon}^{\delta}$
Lipschitz ( 3.2) :
$\eta’(u_{\epsilon}^{\delta})(\partial_{t}h(x, t, u_{\epsilon}^{\delta})-\partial_{t}h(x,t, k)-\partial_{t}u_{\epsilon}^{\delta})\in \mathcal{M}_{b,l}$ $C(\Pi_{T})$ .
$\mathcal{M}_{b,loc}(\Pi_{T})$ Radon {Al}








$H:=\{(x, t)\in\Pi_{T}|l(\beta(u(x, t)))<L(\beta(u(x, t)))\},$
$P:=\{(x, t)\in\Pi_{T}|l(\beta(u(x, t)))=L(\beta(u(x, t)))\}.$
$l( \xi)=\min\{\lambda\in[a, b] :\beta(\lambda)=\xi\},$ $L( \xi)=\max\{\lambda\in[a, b] :\beta(\lambda)=\xi\}$ $H$
$P$
$H$ $\epsilon\downarrow 0$
$(\beta^{\delta})’(u_{\epsilon}^{\delta})arrow 0$ ae. on $H$
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$u_{\epsilon}^{\delta}$ $L^{\infty}$- ( 3. 1) entropy dissipation bound
( 3.3) $\epsilon\downarrow 0$
$\eta’(u_{\epsilon}^{\delta})(\beta^{\delta})’(u_{\epsilon}^{\delta})\partial_{x}u_{\epsilon}^{\delta}arrow 0$ ae. on $H$
$P$ total flux $\{u_{\epsilon}^{\delta}\}_{\epsilon,\delta}$ $P$
(ref. [9, Lemma 3.3]), $\{\eta’(u_{\epsilon}^{\delta})(\beta^{\delta})’(u_{\epsilon}^{\delta})\partial_{x}u_{\epsilon}^{\delta}\}_{\epsilon>0}$
$P$





$|\phi_{1}-\phi_{1}^{\delta}|(x, t, u_{\epsilon}^{\delta})\leq|A^{\delta}(x, t, u_{\epsilon}^{\delta})-A(x, t, u_{\epsilon}^{\delta})|+|A^{\delta}(x, t, k)-A^{\delta}(x, t, k)|$
$\leq 2\max_{a\leq p\leq b}|A^{\delta}(x, t,p)-A(x, t,p)|$
$\deltaarrow 0$ $L_{lo}^{2}$ (I) $0$ $\partial_{x}[\phi_{1}-$
$\phi_{1}^{\delta}]\in H_{\iota_{0\mathcal{C}}}^{-1}c,(\Pi_{T})$ $\mu_{k}^{\epsilon,\delta}\in \mathcal{M}_{b,loc}(\Pi_{T})$
4.3
4.3 (Murat). $(Q_{\epsilon})$ $L^{p}(\Omega),$ $p>2$ , $\Omega\subset \mathbb{R}^{N}$
$(q_{\epsilon})$ $\in H_{c,lo }^{-1}(\Omega)$ $(p_{\epsilon})_{\epsilon}\in \mathcal{M}_{b,loc}(\Omega)$ $\nabla\cdot(Q_{\epsilon})_{\epsilon}=p_{\epsilon}+q_{\epsilon}$
$\nabla\cdot(Q_{\epsilon})_{\epsilon}\in H_{c,loc}^{-1}(\Omega)$
2.3 (i), (ii), (iii) (1)$-(2)$ {A7} 4.2
$u_{\epsilon}^{\delta}$ $u$ $\Pi_{T}$
3.1 $u$ $L^{\infty}(\Pi_{T})$ $p\in[1, \infty)$ $L^{p}(\Pi_{T})$
3.5 $\beta(u)\in L^{2}(0, T;H^{1}(I))$
$u$ 2.1 (i)
$u_{\epsilon}^{\delta}$ $\varphi\in C_{0}^{\infty}(\mathbb{R}\cross[0, T))$ $x$ $t$
:
$0= \int_{\Pi_{T}}\{-u_{\epsilon}^{\delta}\partial_{t}\varphi+\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta})\partial_{x}\varphi-A^{\delta}(x, t, u_{\epsilon}^{\delta})\partial_{x}\varphi+B^{\delta}(x, t, u_{\epsilon}^{\delta})\varphi\}dxdt$
$-lu_{\epsilon}^{\delta}(x, 0)\varphi(x, 0)dx.$
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$\delta=$ $\epsilon\downarrow 0$ $u$ 2.1 (ii)
3.6 $u$ $\iota$ 2.3(iii) (1), (2)
{A7} 2.3 (ii) Watanabe-
Oharu [15] :
(4.2) $l|u_{\epsilon}(x, t)-v_{\epsilon}(x, t)|dx\leq e^{\alpha’t}l|u_{\epsilon}(x, 0)-v_{\epsilon}(x, 0)|dx.$
$\delta=c\epsilon$ u$\epsilon\delta=$ u (4.2) $\epsilon\downarrow 0$
(2.1) {A7} $u_{0}$ $v_{0}$
$\{A7\}$ $m\uparrow\infty$ $L^{1}(I)$ $u_{0}$ $u$ $\{u_{0}^{m}\}_{m=1}^{\infty}$
(P) $u_{0}^{m}$ $u^{m}$ (4.2)
:
$l|u^{m}(x, t)-u^{n}(x,t)|dx\leq e^{\alpha’t}l|u_{0}^{m}(x)-u_{0}^{n}(x)|dx$
$m,$ $n\uparrow\infty$ $0$ $\{u^{m}\}_{m=1}^{\infty}$ $L^{1}(\Pi_{T})$
Cauchy $u$ $u$ 2.1(i), (ii)
2.3 (i), (ii) (iii) (1)$-(2)$
4.4. Watanabe-Oharu[l $5J$ (1.1) Neumann : $\nabla\beta(u)\cdot n=0$
$(4\cdot 2)$ zero flux
2.3 (iii) (3) 2.3 (iii) (3) $u_{\epsilon}^{\delta}$
$A(\cdot, t, \xi)$ 3.6 (i) $\epsilon$ $\delta$ $C$ $t\in(O, T)$
:
$||\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(\cdot, t))||_{L^{\infty}(I)}\leq C.$
$u_{\epsilon}^{\delta}$ $L^{\infty}$- ( 3.1)
$\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x+y, t))-\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x, t))\leq C|y|$
$\tau>0$
:
$\int_{x}^{x+\sqrt{\tau}}(u_{\epsilon}^{\delta}(x, t+\tau)-u_{\epsilon}^{\delta}(x, t))dx=\int_{x}^{x+\sqrt{\tau}}\int_{t}^{t+\tau}\partial_{t}u_{\epsilon}^{\delta}(x, \xi)d\xi dx$
$= \int_{x}^{x+\sqrt{\tau}}l^{t+\tau}[-\partial_{x}A^{\delta}(x, t, u_{\epsilon}^{\delta}(x, \xi))-B^{\delta}(x, t, u_{\epsilon}^{\delta}(x, \xi))+\partial_{x}^{2}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x, \xi))]d\xi dx$
$=l^{t+\tau}([-A^{\delta}(x, t, u_{\epsilon}^{\delta}(x, \xi))]_{x}^{x+\sqrt{\tau}}-\int_{x}^{x+\sqrt{\tau}}B^{\delta}(x, t, u_{\epsilon}^{\delta}(x, \xi))dx+[\partial_{x}\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x, \xi))]_{x}^{x+\sqrt{\tau}})d\xi$
$\leq C(t+\tau-t)=C\tau.$
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$(u_{\epsilon}^{\delta}(x^{*}, t+\tau)-u_{\epsilon}^{\delta}(x^{*}, t))\sqrt{\tau}\leq C\tau$
$x$ $x+\sqrt{\tau}$ :
$|u_{\epsilon}^{\delta}(x^{*}, t+\tau)-u_{\epsilon}^{\delta}(x^{*}, t)|\leq C\sqrt{\tau}.$
$|\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x, t+\tau)-\beta_{\epsilon}^{\delta}(u_{\epsilon}^{\delta}(x, t))|\leq C(|x-x^{*}|+\sqrt{\tau}+|x-x^{*}|)\leq C\sqrt{\tau}.$
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